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Introduction
All considered spaces are assumed to be T1-spaces. Our terminology comes,
as a rule, from ([6], [7], [8], [12]).
A topological space X is called paracompact if X is Hausdorff and every
open cover of X has a locally finite open refinement.
One of the main results of the theory of continuous selections is the following
theorem:
Theorem 0.1 (E.Michael [9]) For any lower semi-continuous closed-
valued mapping θ : X → Y of a paracompact space X into a complete metrizable
space Y there exist a compact-valued lower semi-continuous mapping ϕ : X → Y
and a compact-valued upper semi-continuous mapping ψ : X → Y such that
ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ X.
Moreover, if dimX = 0, then the selections φ, ψ of θ are single-valued and
continuous.
It will be shown that the existence of upper semi-continuous selections for
lower semi-continuous closed-valued mappings into a discrete spaces implies the
paracompactness of the domain (see [1 -5, 11]).
The aim of the present article is to the determine the conditions on a space
X under which for any lower semi-continuous closed-valued mapping θ : X → Y
of the space X into a complete metrizable (or discrete) space Y there exists a
selection ϕ : X → Y for which the image ϕ(X) is ”small” in a given sense.
A family γ of subsets of a space X is star-finite (star-countable) if for every
element Γ ∈ γ the set {L ∈ γ : L
⋂
Γ 6= ∅} is finite (countable).
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A topological space X is called strongly paracompact or hypocompact if X is
Hausdorff and every open cover of X has a star-finite open refinement.
The cardinal number l(X) = min{m : every open cover of X has an open
refinement of cardinality ≤ m} is the Lindelo¨f number of X .
The cardinal number k(X) = min{m : every open cover of X has an open
refinement of cardinality < m} is the degree of the compactness of X .
Denote by τ+ the least cardinal number larger than the cardinal number τ .
It is obvious that l(X) ≤ k(X) ≤ l(X)+.
For a space X put ω(X) =
⋃
{U : U is open in X and dimU = 0} and let
cω(X) = X \ ω(X) be the cozero-dimensional kernel of X (See [4]).
Lemma 0.2. Let X be a paracompact space, U be an open subset of X and
U ∩ cω(X) 6= ∅. Then dim clX(U ∩ cω(X)) 6= 0.
Proof: See [4]. 
A family ξ of subsets of X is called τ-centred if ∩η 6= ∅ provided η ⊆ ξ and
|η| < τ.
Lemma 0.3. Let X be a paracompact space and τ be an infinite cardinal.
Then:
1. l(X) ≤ τ if and only if any discrete closed subset of X has cardinality
≤ τ.
2. The following assertions are equivalent:
a) k(X) ≤ τ .
b) Any discrete closed subset of X has cardinality < τ ;
c) ∩ξ 6= ∅ for any τ-centered filter of closed subsets of X.
Proof: It is obvious. 
Assertions 2a and 2c are equivalent and implication 2a→ 2b is true for every
space X .
Lemma 0.4. Let X be a metrizable space and τ be an infinite not sequential
cardinal. Then:
1. l(X) ≤ τ if and only if w(X) ≤ τ.
2. k(X) ≤ τ if and only if w(X) < τ.
Proof: It is obvious. 
1 On the degree of compactness of spaces
A subset L of a completely regular space X is bounded in X if for every contin-
uous function f : X → R the set f(L) is bounded.
A space X is called µ-complete if it is completely regular and the closure
clXL of every bounded subset L of X is compact.
Every paracompact space is µ-complete. Moreover, every Dieudonne´ com-
plete space is µ-complete (see [6]).
Definition 1.1. Let X be a space and τ be an infinite cardinal. Put
k(X, τ) =
⋃
{U : U is open in X and k(clXU) < τ} and c(X, τ) = X \ k(X, τ).
For every x ∈ X put k(x,X) = min{k(clXU) : U is an open in X neighborhood
of x}.
By definition, k(X, τ) = {x ∈ X : k(x,X) < τ}.
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Lemma 1.2. Let X be a space, τ be an infinite cardinal, {Uα : α ∈ A} be
an open discrete family in X and k(X) ≤ τ . Then:
1. | A |< τ ;
2. If xα ∈ Uα ∩ k(X, τ) for every α ∈ A, then sup{k(xα, X) : α ∈ A} < τ ;
3. If xα ∈ Uα ∩ c(X, τ) for every α ∈ A, then | A |< cf(τ).
Proof: Since k(X) ≤ τ , every discrete family in X has cardinality < τ .
Suppose that xα ∈ Uα ∩ k(X, τ) for every α ∈ A and sup{k(xα, X) : α ∈
A} = τ . In this case τ is a non-regular limit cardinal and cf(τ) ≤| A |< τ . From
our assumption it follows that there exists a family of cardinals {τα : α ∈ A}
such that τα < k(xα, X) for every α ∈ A and sup{τα : α ∈ A} = τ . For every
α ∈ A there exists an open family γα of X such that clXUα ⊆
⋃
γα and | ξ |≥ τα
provided ξ ⊆ γα and clXUα ⊆
⋃
ξ. One can assume that Uβ ∩ V = ∅ for every
α, β ∈ A,α 6= β and V ∈ γα. Let γ = (X \
⋃
{clXUα : α ∈ A}) ∪ (
⋃
{γα : α ∈
A}). Then γ is an open cover of X and every subcover of γ has a cardinality
≥ sup{τα : α ∈ A} = τ , which is a contradiction.
If xα ∈ Uα ∩ c(X, τ) for every α ∈ A and | A |≥ cf(τ), then there exists
a family of cardinals {τα : α ∈ A} such that τα < τ for every α ∈ A and
sup{τα : α ∈ A} = τ . Since k(xα, X) = τ ≥ τα for every α ∈ A, one can obtain
a contradiction as in the previous case. 
Lemma 1.3. Let X be a completely regular space, τ be a sequential cardinal
and k(X) ≤ τ . Then the set c(X, τ) is closed and bounded. Moreover, if X is a
µ-complete space, then:
1. c(X, τ) is a compact subset;
2. If Y ⊆ k(X, τ) is a closed subset of X, then k(Y ) < τ .
Proof: If τ = ℵ0, then the space X is compact and k(X, τ) is the subset of
all isolated in X points. Thus the set c(X, τ) is compact and every closed in X
subset of k(X, τ) is finite.
Suppose that τ is uncountable. There exists a family of infinite cardinal
numbers {τn : n ∈ N} such that τn < τn+1 < τ for every n ∈ N and sup{τn :
n ∈ N} = τ . Suppose that the set c(X, τ) is unbounded in X . Then there
exists a continuous function f : X → R and a sequence {xn ∈ c(X, τ) : n ∈ N}
such that f(x1) = 1 and f(xn+1) ≥ 3 + f(xn) for every n ∈ N. The family
ξ = {Un = f−1((f(xn) − 1, f(xn) + 1)) : n ∈ N} is discrete in X and xn ∈ Un
for every n ∈ N. Then, by virtue of Lemma 1.2, | ξ |< cf(τ) = ℵ0, which is a
contradiction. Thus the set c(X, τ) is closed and bounded in X .
Assume now that X is a µ-complete space. In this case the set c(X, τ) is
compact.
Suppose that Y ⊆ k(X, τ) is a closed subset of X and k(Y ) = τ . We affirm
that sup{k(y,X) : y ∈ Y } < τ . For every x ∈ k(X, τ) fix a neighborhood Ux
in X such that k(clXUx) = k(x,X). Suppose that sup{k(y,X) : y ∈ Y } = τ .
For every n ∈ N fix a point yn ∈ Y such that k(yn, X) ≥ τn. Put L =
{yn : n ∈ N}. If the set L is unbounded in X , then there exists a continuous
function f : X → R such that sup{f(yn) : n ∈ N} = ∞. One can assume that
f(yn+1) > 3+f(yn). The family ξ = {Un = f−1((f(yn)−1, f(yn)+1)) : n ∈ N}
is discrete in X and yn ∈ Un ∩ k(X, τ) for every n ∈ N. Then, by virtue of
Lemma 1.2, sup{k(yn, X) : n ∈ N} < τ , which is a contradiction. Thus the set
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L is bounded in X . Hence clXL is a compact subset of Y and there exists an
accumulation point y ∈ clXL \ (L \ {y}). In this case y ∈ k(X, τ), k(y,X) < τ
and k(y,X) = sup{k(yn, X) : n ∈ N} = τ which is a contradiction. Hence
sup{k(y,X) : y ∈ Y } ≤ τ ′ < τ .
Since k(X) ≤ τ , then there exists a subset Y ′ ⊆ Y such that | Y ′ |≤ τ ′′,
τ ′ ≤ τ ′′ < τ and Y ⊆
⋃
{Uy : y ∈ Y ′}. Since k(clXUy) ≤ τ ′ ≤ τ ′′ for
every y ∈ Y ′ and | Y ′ |≤ τ ′′, then l(
⋃
{clXUy : y ∈ Y ′}) ≤ τ ′′ < τ . Thus
l(Y ) ≤ τ ′′ < τ and k(Y ) < τ . 
A subspace Z of a space X is paracompact in X if for every open family
γ = {Wµ : µ ∈ M} of X , for which Z ⊆ ∪γ, there exists an open locally finite
family η = {W ′µ : µ ∈M} of X such that Z ⊆ ∪η and W
′
µ ⊆Wµ for any µ ∈M .
Lemma 1.4. Let X be a regular space, Z be a paracompact in X subspace,
τ be a limit cardinal number, k(Z) ≤ τ and k(Y ) < τ for every closed subspace
Y ⊆ X \ Z of the space X. Then:
1. k(X) ≤ τ , c(X, τ) ⊆ Z and k(c(X, τ)) ≤ cf(τ);
2. If Y ⊆ k(X, τ) is a closed subset of X, then k(Y ) < τ .
3. Z is a closed subspace of X.
Proof: Assertion 3 is obvious.
Let x ∈ X \Z. Fix an open subset U of X such that x ∈ U ⊆ clXU ⊆ X \Z.
Then k(clXU) < τ and c(X, τ) ⊆ Z.
Let γ be an open cover of X . Since k(Z) ≤ τ , there exists a subsystem ξ of
γ such that |ξ| < τ and Z ⊆ ∪ξ. Let Y = X \ ∪ξ. Since k(Y ) < τ , there exists
a subsystem ζ of γ such that |ζ| < τ and Y ⊆ ∪ζ. Put η = ζ ∪ ξ. Then η is a
subcover of γ and |η| < τ. Thus k(X) ≤ τ .
Suppose that k(c(X, τ)) > cf(τ). Since Z is paracompact in X , the subspace
c(X, τ) is paracompact in X and there exists an open locally-finite family {Vα :
α ∈ A} of X such that c(X, τ) ⊆
⋃
{Vα : α ∈ A}, |A| ≥ cf(τ) and c(X, τ) \⋃
{Vβ : β ∈ A \ {α}} 6= ∅ for every α ∈ A. For every α ∈ A fix yα ∈ c(X, τ) \⋃
{Vβ : β ∈ A \ {α}} 6= ∅. Then {yα : α ∈ A} is a closed discrete subset of X .
There exists an open discrete family {Wα : α ∈ A} such that yα ∈ Wα ⊆ Vα for
every α ∈ A. By virtue of Lemma 1.2, | A |< cf(τ), which is a contradiction.
Thus k(c(X, τ)) ≤ cf(τ).
Fix now a closed subset Y of the space X such that Y ⊆ k(X, τ). We put
S = Y ∩ Z and τ ′ = sup{k(y,X) : y ∈ S}.
Suppose that τ ′ = τ. There exists a family of cardinals {τα : α ∈ A} such
that | A |= cf(τ), sup{τα : α ∈ A} = τ and τα < τ for every α ∈ A. One
can assume that A is well ordered and τα < τβ for every α, β ∈ A and α < β.
For every α ∈ A there exists yα ∈ S such that k(yα, X) > τα. Let L =
{yα : α ∈ A}. The cardinal cf(τ) is regular. If y ∈ X and |W ∩ L| = |A|
for every neighborhood W of y in X , then y ∈ Y ⊆ k(X, τ), k(y,X) < τ
and k(y,X) ≥ sup{k(yα, X) : α ∈ A} = sup{τα : α ∈ A} = τ , which is a
contradiction. Thus for every y ∈ X there exists an open neighborhood Wy of
y in X such that |clXWy ∩L| < |A| = cf(τ). There exists an open locally-finite
family {Hz : z ∈ Z} of X such that Z ⊆ ∪{Hz : z ∈ Z} and Hz ⊆ Wz for
every z ∈ Z. Let Z ′ = {z ∈ Z : Hz ∩ L 6= ∅}. The set Z
′ is discrete and
closed in X . Since Z is a paracompact space, we have |Z ′| = τ ′′ < τ and
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|Hz ∩L| = τ(z) < cf(τ) for any z ∈ Z ′. Thus |L| =| ∪{Hz ∩L : z ∈ Z ′} |< τ , a
contradiction. Therefore τ ′ < τ .
Since S is paracompact in X and S ⊆ k(X, τ), there exist a set M ⊆ S
and a locally finite open in X family {Uµ : µ ∈ M} such that k(clXUµ) ≤ τ ′,
|M | = τ1 < τ and S ⊆ ∪{Uµ : µ ∈ M}. Then k(S1) = τ2 < τ , where
S1 = ∪{clXUµ : µ ∈ M}. Let Y1 = Y \ ∪{Uµ : µ ∈ M}. Since Y1 is a closed
subset of X and Y1 ⊆ X \ Z, k(Y1) = τ3 < τ . Thus k(Y ) ≤ k(Y1) + k(S1) < τ .

Corollary 1.5. Let X be a paracompact space, τ be a limit cardinal and
k(X) ≤ τ . Then:
1. k(c(X, τ)) ≤ cf(τ);
2. If Y ⊆ k(X, τ) is a closed subset of X, then k(Y ) < τ .
A shrinking of a cover ξ = {Uα : α ∈ A} of the space X is a cover γ =
{Vα : α ∈ A} such that Vα ⊆ Uα for every α ∈ A (see [6], [7]). The operation
of shrinking preserves the properties of local finiteness, star-finiteness and star-
countableness.
Let τ be an infinite cardinal number. A family γ of subsets of a space X is
called τ -star (τ−-star) if | {H ∈ γ : H ∩ L 6= ∅} |≤ τ (| {H ∈ γ : H ∩ L 6=
∅} |< τ) for every L ∈ γ.
A family {Hα : α ∈ A} of subsets of a space X is closure-preserving if⋃
{clXHβ : β ∈ B} = clX(
⋃
{Hβ : β ∈ B}) for every B ⊆ A (see [10]).
Proposition 1.6. Let τ be an infinite cardinal and X be a paracompact
space. Then the following assertions are equivalent:
1. k(cω(X)) ≤ τ .
2. For every open cover of X there exists an open τ−-star shrinking.
3. For every open cover of X there exists a closed closure-preserving τ−-star
shrinking.
4. For every open cover of X there exists a closed τ−-star shrinking.
Proof: (1 ⇒ 2) and (1 ⇒ 3) Let ξ = {Uα : α ∈ A} be an open cover
of X . There exist a subset B of A and an open-and-closed subset H of X
such that cω(X) ⊆ H ⊆
⋃
{Uα : α ∈ B} and | B |< τ (see the proof of
Proposition 4 [4]). Since dim(X \H) = 0 (unless X \H is empty) there exists
a discrete family {Wα : α ∈ A} of open-and-closed subsets of X such that⋃
{Wα : α ∈ A} = X\H andWα ⊆ Uα for every α ∈ A. Let Vα = (Uα∩H)∪Wα
for α ∈ B and Vα =Wα for α ∈ A \B. Obviously γ = {Vα : α ∈ A} is an open
τ−-star shrinking of ξ.
Since X is paracompact, there exists a closed locally finite family {Hα : α ∈
B} such that H = ∪{Hα : α ∈ B} and Hα ⊆ Uα for any α ∈ B. Put Hα =Wα
for any α ∈ A\B. Obviously λ = {Hα : α ∈ A} is a closed locally finite τ−-star
shrinking of ξ. Every locally finite family is closure-preserving. Implications
(1⇒ 2) and (1⇒ 3) are proved.
Implication (3⇒ 4) is obvious.
(2 ⇒ 1) and (4 ⇒ 1) Suppose k(cω(X)) > τ . There exists a locally finite
open cover ξ = {Uα : α ∈ A} of cω(X) such that cω(X) \
⋃
{Uα : α ∈ B} 6= ∅
provided B ⊆ A and | B |< τ . One can assume that cω(X)\
⋃
{Uα : α ∈ B} 6= ∅
for every proper subset B of A. Fix a point xα ∈ cω(X) \
⋃
{Uβ : β ∈ A \ {α}}
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for every α ∈ A. The set {xα : α ∈ A} is discrete in X . There exists a discrete
family {Vα : α ∈ A} of open subsets of X such that xα ∈ Vα ⊆ clXVα ⊆ Uα
for every α ∈ A. Let Xα = clXVα. Then dimXα > 0 and there exist two
closed disjoint subsets Fα and Pα of Xα such that if Wα and Oα are open in
X and Fα ⊆ Wα ⊆ X \ Pα, Pα ⊆ Oα ⊆ X \ Fα and Xα ⊆ Wα ∪ Oα, then
Xα ∩Wα ∩ Oα 6= ∅. The family {Fα : α ∈ A} and the family {Pα : α ∈ A}
are discrete in X . There exists a discrete family {Qα : α ∈ A} of open subsets
of X such that (
⋃
{Qα : α ∈ A}) ∩ (
⋃
{Fα : α ∈ A}) = ∅, Pα ⊆ Qα and
Qα ∩ (
⋃
{Xβ : β ∈ A \ {α}}) = ∅ for every α ∈ A. Let µ /∈ A, M = A ∪ {µ}
and Qµ = X \
⋃
{Pα : α ∈ A}). Then ζ = {Qm : m ∈ M} is an open cover
of X . If γ = {Hm : m ∈ M} is an open shrinking of ζ, then Hµ ∩Hα 6= ∅ for
every α ∈ A. The last contradicts 2. Suppose now that γ = {Hm : m ∈ M}
is a closed shrinking of ζ. Let α ∈ A and Hα ∩ Hµ = ∅. There exist two
disjoint open subsets Wα and Oα of X such that Hα ⊆ Wα and Hµ ⊆ Oα.
Then Xα ⊆ Hα ∪ Hµ ⊆ Oα ∪Wα, Pα ⊆ Wα ⊆ X \ Fα, Fα ⊆ Oα ⊆ X \ Pα,
Xα ⊆ Wα ∪ Oα and Xα ∩Wα ∩ Oα = ∅. The last contradicts 4. Implications
(2⇒ 1) and (4⇒ 1) are proved.
2 The degree of compactness and selections
LetX and Y be non-empty topological spaces. A set-valued mapping θ : X → Y
assigns to every x ∈ X a non-empty subset θ(x) of Y . If φ, ψ : X → Y are set-
valued mappings and φ(x) ⊆ ψ(x) for every x ∈ X , then φ is called a selection
of ψ.
Let θ : X → Y be a set-valued mapping and let A ⊆ X and B ⊆ Y . The
set θ−1(B) = {x ∈ X : θ(x)
⋂
B 6= ∅} is the inverse image of the set B, θ(A) =
θ1(A) =
⋃
{θ(x) : x ∈ A} is the image of the set A and θn+1(A) = θ(θ−1(θn(A)))
is the n + 1-image of the set A. The set θ∞(A) =
⋃
{θn(A) : n ∈ N} is the
largest image of the set A.
A set-valued mapping θ : X → Y is called lower (upper) semi-continuous if
for every open (closed) subset H of Y the set θ−1(H) is open (closed) in X .
In the present section we study the mutual relations between the following
properties of topological spaces:
K1. k(X) ≤ τ .
K2. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a lower semi-continuous selection
φ : X → Y of θ such that k(clY φ(X)) ≤ τ .
K3. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a set-valued selection g : X → Y of
θ such that k(clY g(X)) ≤ τ .
K4. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a single-valued selection g : X → Y
of θ such that k(clY g(X)) ≤ τ .
K5. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a lower semi-continuous selection φ : X → Y of θ such that
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|φ(X)| < τ .
K6. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a set-valued selection g : X → Y of θ such that | g(X) |< τ .
K7. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a single-valued selection g : X → Y of θ such that | g(X) |<
τ .
K8. Every open cover of X has a subcover of cardinality < τ.
K9. For every lower semi-continuous closed-valued mapping θ : X → Y
into a complete metrizable space Y there exist a compact-valued lower semi-
continuous mapping ϕ : X → Y and a compact-valued upper semi-continuous
mapping ψ : X → Y such that k(clY (ψ(X))) ≤ τ and ϕ(x) ⊆ ψ(x) ⊆ θ(x) for
any x ∈ X.
K10. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists an upper semi-continuous selection
φ : X → Y of θ such that k(clY φ(X)) ≤ τ .
K11. For every lower semi-continuous closed-valued mapping θ : X → Y
into a complete metrizable space Y there exists a lower semi-continuous selection
φ : X → Y of θ such that w(φ(X)) < τ .
K12. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exist a closed-valued lower semi-continuous
selection φ : X → Y of θ, a selection µ : X → Y of θ and a closed Gδ subset F
of the space X such that:
- φ(x) ⊆ µ(x) for any x ∈ X;
- φ(x) = µ(x) for any x ∈ X \ F ;
- the mapping µ|F : F → Y is upper semi-continuous and is closed-valued;
- c(X, τ) ⊆ F , Φ = µ(F ) is a compact subset of Y and k(Z ∩ µ(X)) < τ
provided Z ⊆ Y \ Φ and Z is a closed subspace of the space Y ;
- k(clY φ(X)) ≤ k(µ(X)) ≤ τ .
Let us mention that, in the conditions of K12:
- k(µ(X)) ≤ τ provided the set Φ is compact and k(Z ∩ µ(X)) < τ for a
closed subset Z ⊆ Y \ Φ of the space Y ;
- the mapping µ : X → Y is closed-valued and the mapping µ|F : F → Y is
compact-valued;
- the mapping µ|(X \ F ) : X \ F → Y is lower semi-continuous;
- the mapping µ : X → Y is Borel measurable, i.e. µ−1(H) is a Borel subset
of the space X for any open or closed subset H of Y .
The σ-algebra generated by the open subsets of the space X is the algebra
of Borel subsets of the space X .
Lemma 2.1. Let X be a space and τ be an infinite cardinal. Then the
following implications (K9 → K2 → K3 → K4 → K3 → K6 → K7 → K8 →
K1 → K5 → K6, K10 → K3) and (K12 → K11 → K2 → K5 → K6) are
true.
Proof: Implications (K12 → K11 → K2 → K5 → K6, K9 → K2 →
K3 → K6), (K4 → K7, K4 → K3), (K7 → K6, K8 → K1 → K8) and
(K10→ K3) are obvious.
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Let φ : X → Y be a set-valued selection of the mapping θ : X → Y and
k(clY φ(X)) ≤ τ . For every x ∈ X fix a point f(x) ∈ φ(x). Then f : X →
Y is a single-valued selection of θ and φ, f(X) ⊆ φ(X) and k(clY f(X)) ≤
k(clY φ(X)) ≤ τ . The implications (K3→ K4) and (K6→ K7) are proved.
Let γ = {Uα : α ∈ A} be an open cover of X . One may assume that A
is a discrete space. For every x ∈ X put θγ(x) = {α ∈ A : x ∈ Uα}. Since
θ−1({α}) = Uα, the mapping θγ is lower semi-continuous. Let φ : X → Y be a
set-valued selection of θγ and | φ(X) |< τ . Put B = φ(X) and Hα = φ−1(α) for
every α ∈ B. Then Hα ⊆ θ−1({α}) = Uα for every α ∈ B, X =
⋃
{Hα : α ∈ B},
ξ = {Hα : α ∈ B} is a refinement of γ and | B |< τ . Implications (K3 → K8)
and (K6→ K8) are proved.
Let k(X) ≤ τ and θ : X → Y be a lower semi-continuous mapping into a
discrete space Y . Then {Uy = θ
−1(y) : y ∈ Y } is an open cover of X . There
exists a subset Z ⊆ Y such that | Z |< τ and X =
⋃
{Uy : y ∈ Z}. Now we put
φ(x) = {y ∈ Z : x ∈ Uy}. Then φ : X → Y is a lower semi-continuous selection
of θ, φ(x) = Z ∩ θ(x) for every x ∈ X and | φ(X) |=| Z |< τ . Implication
(K1→ K5) is proved. The proof is complete.
Proposition 2.2. Let X be a space, τ be an infinite cardinal and θ : X → Y
be an upper semi-continuous mapping onto Y . Then:
1. If l(X) ≤ τ and l(θ(x)) ≤ τ for every x ∈ X, then l(Y ) ≤ τ ;
2. If k(X) ≤ τ and k(θ(x)) ≤ cf(τ) for every x ∈ X, then k(Y ) ≤ τ ;
3. If θ is compact-valued, then l(Y ) ≤ l(X) and k(Y ) ≤ k(X).
4. If X is a µ-complete space, τ is a sequential cardinal number and θ is
compact-valued, then c(Y, τ) ⊆ θ(c(X, τ)) and k(Z) < τ provided Z ⊆ Y \c(Y, τ)
and Z is closed in the space Y .
Proof: If V is an open subset of Y , then θ∗(V ) = {x ∈ X : θ(x) ⊆ V } is
open in X .
1. Let τ be an infinite cardinal, l(X) ≤ τ and l(θ(x)) ≤ τ for every x ∈ X .
Let γ = {Vα : α ∈ A} be an open cover of Y . If x ∈ X , then l(θ(x)) ≤ τ . Thus
every open family in Y , which covers θ(x), has a subfamily of cardinality ≤ τ
covering θ(x). Hence there exists a subset Ax ⊆ A such that | Ax |= τx ≤ τ
and θ(x) ⊆
⋃
{Vα : α ∈ Ax}. We put Wx = ∪{Vα : α ∈ Ax} and Ux = {z ∈ X :
θ(z) ⊆Wx}.
Obviously λ = {Ux : x ∈ X} is an open cover of X . Since l(X) ≤ τ , there
exists an open subcover ζ = {Ux : x ∈ X ′} of λ such that | X ′ |≤ τ and X ′ ⊆ X.
Let B = ∪{Ax : x ∈ X ′}. Obviously |B| ≤ τ. Since θ(Ux) ⊆Wx for any x ∈ X,
we have Y = θ(X) = θ(∪{Ux : x ∈ X
′}) = ∪{θ(Ux) : x ∈ X
′} ⊆ ∪{Wx : x ∈
X ′} = ∪{Vα : α ∈ B}. Hence γ′ = {Vα : α ∈ B} is a subcover of γ of cardinality
≤ τ. Assertion 1 is proved.
2. One can follow the proof of the previous assertion 1. Let τ be an infinite
cardinal, k(X) ≤ τ and k(θ(x)) ≤ cf(τ) for every x ∈ X . Let γ = {Vα : α ∈ A}
be an open cover of Y . For any x ∈ X there exists a subset Ax ⊆ A such that
| Ax |= τx < cf(τ) and θ(x) ⊆
⋃
{Vα : α ∈ Ax}. We put Wx = ∪{Vα : α ∈ Ax}
and Ux = {z ∈ X : θ(z) ⊆Wx}.
Obviously λ = {Ux : x ∈ X} is an open cover of X . Since k(X) ≤ τ , there
exists an open subcover ζ = {Ux : x ∈ X ′} of λ such that | X ′ |= τ0 < τ and
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X ′ ⊆ X. Let B = ∪{Ax : x ∈ X ′}. Since θ(Ux) ⊆ Wx for any x ∈ X, we have
Y = θ(X) = θ(∪{Ux : x ∈ X ′}) = ∪{θ(Ux) : x ∈ X ′} ⊆ ∪{Wx : x ∈ X ′} =
∪{Vα : α ∈ B}. Hence γ′ = {Vα : α ∈ B} is a subcover of γ.
We affirm that |B| < τ.
Consider the following cases:
Case 1. τ is regular, i.e. cf(τ) = τ .
Since | X ′ |= τ0 < τ = cf(τ) and | Ax |< τ for every x ∈ X , it follows that
|B| ≤ Σ{τx : x ∈ X ′} = τ ′ < τ .
Hence γ′ = {Vα : α ∈ B} has cardinality < τ .
Case 2. τ is not regular, i.e. cf(τ) = m < τ .
In this case τ is a limit cardinal, τ0 < τ andm < τ . Hence τ
′ = sup{m, τ0} <
τ.
Since | Ax |= τx < m for every x ∈ X , it follows that |B| ≤ Σ{τx : x ∈
X ′} ≤ τ ′ < τ .
Hence γ′ = {Vα : α ∈ B} has cardinality < τ .
Assertion 2 is proved.
3. Assertion 3 follows easily from assertions 1 and 2.
4.Obviously, Φ = θ(c(X, τ)) and c(Y, τ) are compact subsets of the space Y .
Let Z ⊆ Y \ Φ be a closed subspace of the space Y . Then X1 = θ−1(Z) is a
closed subspace of the space X and X1 ∩ c(X, τ) = ∅. By virtue of Lemma 1.3,
k(X1) < τ . Let Y1 = θ(X1). Then θ1 = θ|X1 : X1 → Y1 is an upper semi-
continuous mapping onto Y1. From assertion 2 it follows that k(Y1) ≤ k(X1) <
τ . Since Z is a closed subspace of the space Y1, we have k(Z) ≤ k(Y1) < τ . In
particular, Y \ Φ ⊆ k(Y, τ) and c(Y, τ) ⊆ Φ. Since Φ is a compact subset of Y ,
k(Z) < τ provided Z ⊆ Y \ c(Y, τ) and Z is closed in the space Y . 
Theorem 2.3. Let X be a regular space and τ be a regular cardinal number.
Then assertions K1 − K8 and K12 are equivalent. Moreover, if the cardinal
number τ is regular and uncountable, then assertions K1−K8, K11 and K12
are equivalent.
Proof: Let k(X) ≤ τ and θ : X → Y be a lower semi-continuous closed-
valued mapping into a complete metric space (Y, ρ).
Case 1. τ = ℵ0.
In this case the space X is compact. Thus, from E.Michael’s Theorem [9]
(see Theorem 0.1), it follows that there exist a lower semi-continuous compact-
valued mapping ϕ : X → Y and an upper semi-continuous compact-valued
mapping ψ : X → Y such that ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ X. The set
ψ(X) is compact and ϕ(X) ⊆ ψ(X). Implication (K1⇒ K9) is proved.
Case 2. τ > ℵ0.
There exists a sequence γ = {γn = {Uα : α ∈ An} : n ∈ N} of open covers of
the space X , a sequence ξ = {ξn = {Vα : α ∈ An} : n ∈ N} of open families of
the space Y and a sequence pi = {pin : An+1 → An : n ∈ N} of mappings such
that:
- ∪{Uβ : β ∈ pi−1n (α)} = Uα ⊆ clXUα ⊆ θ
−1(Vα) for any α ∈ An and n ∈ N;
- ∪{clY Vβ : β ∈ pi−1n (α)} ⊆ Vα and diam(Vα) < 2
−n for any α ∈ An and
n ∈ N;
- |An| < τ for any n ∈ N.
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Let η = {V : V is open in Y and diam(V ) < 2−1}. Let γ′ = {U : U is open
in X and clXU ⊆ θ−1(V ) for some V ∈ η}. Since k(X) ≤ τ , there exists an
open subcover γ1 = {Uα : α ∈ A1} of γ′ such that |A1| < τ. For any α ∈ A1 fix
Vα ∈ η such that clXUα ⊆ θ−1(Vα).
Consider that the objects {γi, ξi, pii−1 : i ≤ n} are constructed. Fix α ∈ An.
Let ηα = {V : V is open in Y , clY V ⊆ Vα and diam(V ) < 2−n−1}. Let
γ′α = {W : W is open in X and clXW ⊆ θ
−1(V ) for some V ∈ ηα}. Since
k(clXUα) ≤ τ and clXUα ⊆ ∪γ′α, there exists an open subfamily γα = {Wβ :
β ∈ Aα} of γ′α such that |Aα| < τ and clXUα ⊆ ∪{Wβ : β ∈ Aα}. For any
β ∈ Aα fix Vβ ∈ ηα such that clXWβ ⊆ θ−1(Vβ). Let An+1 = ∪{Aα : α ∈ An},
pi−1n (α) = Aα and Uβ = Uα ∩Wβ for all α ∈ An and β ∈ Aα. Since τ is regular
and uncountable, then |An+1| < τ.
The objects {γn, ξn, pin : n ∈ N} are constructed.
Let x ∈ X. Denote by A(x) the set of all sequences α = (αn : n ∈ N) for
which αn ∈ An and x ∈ Uαn for any n ∈ N. For any α = (αn : n ∈ N) ∈ A(x)
there exists a unique point y(α) ∈ Y such that {y(α)} = ∩{Vαn : n ∈ N}. It is
obvious that y(α) ∈ θ(x). Let φ(x) = {y(α) : α ∈ A(x)}. Then φ is a selection
of θ. By construction:
- Uα ⊆ φ−1(Vα) for all α ∈ An and n ∈ N;
- the mapping φ is lower semi-continuous;
- if Z = φ(X), then {Hα = Z ∩ Vα : α ∈ A = ∪{An : n ∈ N}} is an open
base of the subspace Z.
We affirm that w(Z) < τ .
Subcase 2.1. τ is a limit cardinal.
In this subcase m = sup{|An| : n ∈ N} < τ and w(Z) ≤ |A| ≤ m < τ .
Subcase 2.2. τ is not a limit cardinal.
In this subcase there exists a cardinal number m such that m+ = τ and
|A| ≤ m. Thus w(Z) < τ .
In this case we have proved implication (K1→ K11).
Lemma 2.1 completes the proof of the theorem. 
Corollary 2.4. Let X be a regular space and τ be a cardinal number. Then
the following assertions are equivalent:
L1. l(X) ≤ τ .
L2. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a lower semi-continuous selection
φ : X → Y of θ such that l(clY φ(X)) ≤ τ .
L3. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a set-valued selection g : X → Y of
θ such that l(clY g(X)) ≤ τ .
L4. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists a single-valued selection g : X → Y
of θ such that l(clY g(X)) ≤ τ .
L5. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a lower semi-continuous selection φ : X → Y of θ such that
|φ(X)| ≤ τ .
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L6. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a set-valued selection g : X → Y of θ such that | g(X) |≤ τ .
L7. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists a single-valued selection g : X → Y of θ such that | g(X) |≤
τ .
L8. Every open cover of X has a subcover of cardinality ≤ τ.
Proof: Let l(X) ≤ τ . Then k(X) ≤ τ+ and τ+ is a regular cardinal.
Theorem 2.3 completes the proof. 
Theorem 2.5. Let X be a regular space, F be a compact subset of X, τ be
a cardinal number and k(Y ) < τ for any closed subset Y ⊆ X \ F of X. Then
assertions K1−K8 and K12 are equivalent. Moreover, if the cardinal number
τ is not sequential, then assertions K1−K8, K11 and K12 are equivalent.
Proof: Let k(X) ≤ τ , F be a compact subset of X , τ be a cardinal number
and k(Y ) < τ for any closed subset Y ⊆ X \ F of X and θ : X → Y be a lower
semi-continuous closed-valued mapping into a complete metric space (Y, ρ).
Case 1. τ = ℵ0.
In this case the space X is compact. Thus, from Theorem 0.1, it follows
that there exist a lower semi-continuous compact-valued mapping ϕ : X → Y
and an upper semi-continuous compact-valued mapping ψ : X → Y such that
ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ X. The set ψ(X) is compact and ϕ(X) ⊆ ψ(X).
Implications (K1⇒ K9) and (K1⇒ K12) are proved.
Case 2. τ is a regular cardinal number.
In this case Theorem 2.3 completes the proof.
Case 3. τ is an uncountable limit cardinal.
Let τ ′ = cf(τ).
The subspace F is compact. Thus, from the E.Michael’s Theorem 0.1, it
follows that there exists an upper semi-continuous compact-valued mapping
ψ : F → Y such that ψ(x) ⊆ θ(x) for any x ∈ F. The set Φ = ψ(F ) is compact.
There exists a sequence {Hn : n ∈ N} of open subsets of Y such that:
- Φ ⊆ Hn+1 ⊆ clYHn+1 ⊆ Hn for any n ∈ N;
- for every open subset V ⊇ Φ of Y there exists n ∈ N such that Hn ⊆ V.
There exist a sequence γ = {γn = {Uα : α ∈ An} : n ∈ N} of open covers
of the space X , a sequence ξ = {ξn = {Vα : α ∈ An} : n ∈ N} of open families
of the space Y , a sequence {Un : n ∈ N} of open subsets of X , a sequence
pi = {pin : An+1 → An : n ∈ N} of mappings and a sequence {τn : n ∈ N} of
cardinal numbers such that:
- ∪{Uβ : β ∈ pi
−1
n (α)} = Uα ⊆ clXUα ⊆ θ
−1(Vα) for any α ∈ An and n ∈ N;
- ∪{clY Vβ : β ∈ pi−1n (α)} ⊆ Vα and diam(Vα) < 2
−n for any α ∈ An and
n ∈ N;
- |An| < τ for any n ∈ N;
- if A′n = {α ∈ An : F ∩ clXUα = ∅} and A
′′
n = An \ A
′
n, then the set A
′′
n is
finite and F ⊆ Un ⊆ clXUn ⊆ ∪{Uα : α ∈ A′′n};
- τn ≤ τn+1 < τ for any n ∈ N;
- clXUn ⊆ θ−1(Hn) and |{α ∈ An : Uα \ Um 6= ∅}| ≤ τm for all n,m ∈ N;
- clXUn ∩ clXUα = ∅ for any n ∈ N and α ∈ A
′
n.
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Let η = {V : V is open in Y and diam(V ) < 2−1}. There exists a finite
subfamily {Vβ : β ∈ B1} of η such that Φ ⊆ ∪{Vβ : β ∈ B1} ⊆ H1. Let W1 be
an open subset of Y and Φ ⊆W1 ⊆ clYW1 ⊆ ∪{Vα : α ∈ B1}.
Let γ′ = {U : U is open in X and clXU ⊆ θ−1(V ) for some V ∈ η and
U ⊆ X \ U1} and γ
′′ = {U : U is open in X and clXU ⊆ θ
−1(Vβ) for some
β ∈ B1}.
Since F is compact, there exist a finite family γ′′1 = {Uα : α ∈ A
′′
1} of γ
′′
and an open subset U1 of X such that F ⊆ U1 ⊆ clXU1 ⊆ ∪{Uα : α ∈ A′′1}
and F ∩ Uα 6= ∅ for any α ∈ A′′1 . For every α ∈ A
′′
1 fix Vα = Vβ for some
β ∈ B1 such that clUα ⊆ θ−1(Vα). Let Y1 = X \ U1. Since k(Y ) = τ ′1 < τ,
there exists an open subfamily γ′1 = {Uα : α ∈ A
′
1} of γ
′ such that |A′1| ≤ τ1,
Y1 ⊆ ∪{Uα : α ∈ A′1} and clXU1 ∩ (∪{clXUα : α ∈ A
′
1} = ∅. For any α ∈ A
′
1 fix
Vα ∈ η
′ such that clXUα ⊆ θ
−1(Vα). Let A1 = A
′
1 ∪ A
′′
1 , γ1 = {Uα : α ∈ A1}
and η1 = {Vα : α ∈ A1}.
Consider that the objects {γi, ξi, pii−1, Ui, τi, : i ≤ n} are constructed.
We put Aim = {α ∈ Ai : Uα ∩ Um 6= ∅} for all i,m ≤ n.
Fix α ∈ An.
Let ηα = {V : V is open in Y , clY V ⊆ Vα and diam(V ) < 2−n−1} and
γ′α = {W :W is open in X and clXW ⊆ θ
−1(V ) for some V ∈ ηα}.
Assume that α ∈ A′′n.
Since Fα = F ∩clXUα is a compact subset of X there exists a finite subfamily
γ0α = {Wβ : β ∈ A′′0α} of γ
′
α such that Fα ⊆ ∪{Wβ : β ∈ A
′′
0α}, Fα ∩Wβ 6= ∅
for any β ∈ A′′0α and for any β ∈ A
′′
0α there exists Vβ ∈ ηα such that Vβ ⊆ Hn+1
and clXWβ ⊆ θ−1(Vβ). Now we put Uβ =Wβ ∩ Uα.
Let A′′n+1 = ∪{A0α : β ∈ A
′′
n}, γ
′′
n+1 = {Uβ : β ∈ A
′′
n+1} and η
′′
n+1 = {Vβ :
β ∈ A′′n+1}.
Let Φα = clXUα \ ∪{Uβ : β ∈ A′′0α} and U
′
n = Un \ ∪{Φα : α ∈ A
′′
n}. Then
U ′n is an open subset of X and F ⊆ U
′
n ∩ ∪({Uβ : β ∈ A
′′
0α}).
There exists an open subset Un+1 of X such that Un+1 ⊆ clXUn+1 ⊆ U
′
n ∩
Un ∩ (∪{Uβ : β ∈ A′′0α}).
Let Yi = X \ Ui for any i ≤ n+ 1. Then τi = k(Yi) for any i ≤ n+ 1.
For any α ∈ An there exist the subfamilies γ′iα = {Wβ : β ∈ A
′
inα}, i ≤ n+1,
of γ′α and the subfamilies η
′
iα = {Vβ : β ∈ A
′
inα}, i ≤ n+ 1, of γ
′
α such that:
- |A′inα| < τi for any i ≤ n+ 1;
- Yi ∩ clXUα ⊆ ∪{Wβ : β ∈ ∪{Ajnα : j ≤ i}} for any i ≤ n+ 1;
- Yi ∩ (∪{Wβ : β ∈ ∪{Ajnα : i < j ≤ n+ 1}}) = ∅ for any i < n+ 1.
Now we put Anα = ∪{Ainα : 0 ≤ i ≤ n + 1}, An+1 = ∪{Anα : α ∈ An},
Uβ = Wβ ∩ Uα, γn+1 = {Uβ : β ∈ An+1}, ηn+1 = {Vβ : β ∈ An+1} and
pi−1n+1(α) = Anα.
The objects {γn, ξn, pin, Un, τn : n ∈ N} are constructed.
Let x ∈ X. Denote by A(x) the set of all sequences α = (αn : n ∈ N) for
which αn ∈ An and x ∈ Uαn for any n ∈ N. For any α = (αn : n ∈ N) ∈ A(x)
there exists a unique point y(α) ∈ Y such that {y(α)} = ∩{Vαn : n ∈ N}. It is
obvious that y(α) ∈ θ(x). Let φ(x) = {y(α) : α ∈ A(x)}. Then φ is a selection
of θ. By construction:
- Uα ⊆ φ−1(Vα) for all α ∈ An and n ∈ N;
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- the mapping φ is lower semi-continuous;
- if Z = φ(X), then {Hα = Z ∩ Vα : α ∈ A = ∪{An : n ∈ N}} is an open
base of the subspace Z.
We affirm that k(clY Z) ≤ τ .
Subcase 3.1. τ is not a sequential cardinal.
In this subcase m = sup{|An| : n ∈ N} < τ and w(Z) ≤ |A| ≤ m < τ . In
this subcase we are proved the implication (K1→ K11).
Subcase 3.2. τ is a sequential cardinal.
Let Zn = φ(Yn) and Ank = {α ∈ An : Yk ∩ Uα 6= ∅}. Then |Ank| < τn for
all n, k ∈ N. Thus w(Zn) < τn.
Since φ(X) \ Zn ⊆ Hn, we have k(clY φ(X) ≤ τ.
In this subcase we have proved implication (K1→ K2).
Let H = ∩{Un : n ∈ N}, µ = {µn = {H ∩ Uα : α ∈ A
′′
n} and q{qn =
pin|A
′′
n+1 : A
′′
n+1 → A
′′
n : n ∈ N}. By construction, we have ∪{Wβ ;β ∈ q
−1
n (α)}
= Wα ⊆ clXWα ⊆ θ−1(Vα) for any α ∈ A
′′
n and n ∈ N. Let x ∈ H. Denote
by B(x) the set of all sequences α = (αn : n ∈ N) for which αn ∈ A
′′
n and
x ∈ clXWαn for any n ∈ N. For any α = (αn : n ∈ N) ∈ B(x) there exists a
unique point y(α) ∈ Y such that {y(α)} = ∩{Vαn : n ∈ N}. It is obvious that
y(α) ∈ Φ ∩ θ(x). Let µ1(x) = {y(α) : α ∈ B(x)}. The mapping µ1 : H → Φ
is compact-valued and upper semi-continuous. Let µ(x) = φ(x) for x ∈ X \H
and µ(x) = µ1(x) for x ∈ H . Then µ is a selection of θ. Fix a closed subset
Z ⊆ Y \ Φ of the space Y . Then Z ∩ µ(X) ⊆ φ(Yn) for some n ∈ N}. Thus
w(Z ∩µ(X) < τ . In this subcase we have proved implication (K1→ K12), too.
Lemma 2.1 completes the proof of the theorem. 
The last theorem and Lemma 1.3 imply
Corollary 2.6. Let X be a µ-complete space and τ be a sequential cardinal
number. Then assertions K1−K8 are equivalent.
Theorem 2.5 is signigative for a sequential cardinal τ . Every compact subset
of X is paracompact in X . In fact we have
Theorem 2.7. Let X be a regular space, F be a paracompact in X subspace,
τ be an infinite cardinal number, k(F ) ≤ τ , k(Y ) < τ for any closed subset
Y ⊆ X \ F of X.Then assertions K1 − K8 are equivalent. Moreover, if the
cardinal number τ is not sequential, then assertions K1 − K8 and K11 are
equivalent.
Proof: It is obvious that for any open in X set U ⊇ F there exists an open
subset V of X such that F ⊆ U ⊆ clXU ⊆ V
Case 1. τ is a regular cardinal number.
In this case Theorem 2.3 completes the proof.
Case 2. τ is a sequential cardinal number.
In this case Theorem 2.5 and Lemma 1.4 complete the proof.
Case 3. τ be a limit non-sequential cardinal.
Let τ∗ = cf(τ) < τ . Obviously, τ∗ is a regular cardinal and τ∗ < τ .
There exist a sequence γ = {γn = {Uα : α ∈ An} : n ∈ N} of open covers
of the space X , a sequence ξ = {ξn = {Vα : α ∈ An} : n ∈ N} of open families
of the space Y , a sequence {Un : n ∈ N} of open subsets of X a sequence
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pi = {pin : An+1 → An : n ∈ N} of mappings and a sequence {τn : n ∈ N} of
cardinal numbers such that:
- ∪{Uβ ;β ∈ pi−1n (α)} = Uα ⊆ clXUα ⊆ θ
−1(Vα) for every α ∈ An and n ∈ N;
- ∪{clY Vβ ;β ∈ pi−1n (α)} ⊆ Vα and diam(Vα) < 2
−n for every α ∈ An and
n ∈ N;
- |An| < τn ≤ τn+1 < τ for every n ∈ N;
- if A′n = {α ∈ An : F ∩ clXUα = ∅} and A
′′
n = An \A
′
n, then | A
′′
n |< τ
∗ and
F ⊆ Un ⊆ clXUn ⊆ ∪{Uα : α ∈ A′′n};
- the family γ′′n = {Uα : α ∈ A
′′
n} is locally finite in X for every n ∈ N;
- clXUn ∩ clXUα = ∅ for every n ∈ N and α ∈ A′n.
Let η = {V : V is open in Y and diam(V ) < 2−1} and γ′ = {U : U is
open in X and clXU ⊆ θ−1(V )) for some V ∈ η}. There exist a locally finite
subfamily γ′′1 = {Uα : α ∈ A
′′
1} of γ
′ such that | A′′1 |< τ
∗ < k(F ) and an
open subset U1 of the space X such that F ⊆ U1 ⊆ clXU1 ⊆ ∪{Uα : α ∈ A′′1}
and F ∩ Uα 6= ∅ for every α ∈ A′′1 . For every α ∈ A
′′
1 fix Vα ∈ η such that
clUα ⊆ θ−1(Vα). Let Y1 = X \ U1 and τ1 = k(F ) + τ∗. Since k(Y ) ≤ τ1 < τ,
there exists an open subfamily γ′1 = {Uα : α ∈ A
′
1} of γ
′ such that |A′1| ≤ τ1,
Y1 ⊆ ∪{Uα : α ∈ A′1} and clXU1 ∩ (∪{clXUα : α ∈ A
′
1}) = ∅. For every α ∈ A
′
1
fix Vα ∈ η′ such that clXUα ⊆ θ−1(Vα). Let A1 = A′1 ∪A
′′
1 , γ1 = {Uα : α ∈ A1}
and η1 = {Vα : α ∈ A1}.
The objects {γ1, ξ1, U,τ1} are constructed.
Consider that the objects {γi, ξi, pii−1, Ui, τi, : i ≤ n} are constructed.
Fix α ∈ An.
Let ηα = {V : V is open in Y , clY V ⊆ Vα and diam(V ) < 2−n−1} and
γ∗α = {W :W is open in X and clXW ⊆ θ
−1(V ) for some V ∈ ηα}.
Assume that α ∈ A′′n.
Since Fα = F ∩ clXUα is a closed subset of X , then there exists a locally
finite subfamily γ′′α = {Wβ : β ∈ A
′′
α} of γ
∗
α, where | A
′′
α |< τ
∗ such that
Fα ⊆ ∪{Wβ : β ∈ A
′′
α}, Fα ∩Wβ 6= ∅ for every β ∈ A
′′
α} and for every β ∈ A
′′
α
there exists Vβ ∈ ηα such that clXWβ ⊆ θ−1(Vβ). We put Uβ = Uα ∩Wβ for
every β ∈ A′′α.
Let A′′n+1 = ∪{A
′′
α : α ∈ A
′′
n}, γ
′′
n+1 = {Uα : α ∈ A
′′
n+1} and η
′′
n+1 = {Vα :
α ∈ A′′n+1}.
The family γ′′n+1 is locally finite.
Let Φα = clXUα \ ∪{Uβ : β ∈ A′′α and U
′
n = Un \ ∪{Φα : α ∈ A
′′
n}. Since the
family γ′′n is locally finite, the set U
′
n is open in X and F ⊆ U
′
n ⊆ ∪{Uβ : β ∈
A′′α}.
There exists an open subset Un+1 of X such that Un+1 ⊆ clXUn+1 ⊆ ∪{Uβ :
β ∈ A′′α}.
Let Yn+1 = X \ Un and τn+1 = k(Yn+1) + τn.
For every α ∈ An there exist the subfamily γ′α = {Wβ : β ∈ A
′
α} of γ
∗
α and
the subfamily η′iα = {Vβ : β ∈ A
′
α} of γ
′
α such that:
- |A′α| < τn+1;
-clXUα \ Un ⊆ ∪{Wβ : β ∈ A′α};
- clXWβ ∩ clXUn+1 = ∅ for any β ∈ A
′
α.
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Now we put Aα = A
′
α ∪ A
′′
α, An+1 = ∪{Aα : α ∈ An}, Uβ = Uα ∩ Uβ
for any β ∈ Aα, γn+1 = {Uα : α ∈ An+1}, ηn+1 = {Vα : α ∈ An+1} and
pi−1n+1(α) = Anα.
The objects {γn, ξn, pin, Un, τn : n ∈ N} are constructed.
Since τ is not sequential, we have m = sup{τn : n ∈ N} < τ.
Let x ∈ X. Denote by A(x) the set of all sequences α = (αn : n ∈ N) for
which αn ∈ An and x ∈ Uαn for every n ∈ N. For every α = (αn : n ∈ N) ∈ A(x)
there exists a unique point y(α) ∈ Y such that {y(α)} = ∩{Vαn : n ∈ N}. It is
obvious that y(α) ∈ θ(x). Let φ(x) = {y(α) : α ∈ A(x)}. Then φ is a selection
of θ. By construction:
- Uα ⊆ φ−1(Vα) for all α ∈ An and n ∈ N;
- the mapping φ is lower semi-continuous;
- if Z = φ(X), then {Hα = Z ∩ Vα : α ∈ A = ∪{An : n ∈ N}} is an open
base of the subspace Z and w(Z) ≤ m.
Thus we have proved the implication (K1→ K11).
Lemma 2.1 completes the proof of the theorem. 
Remark 2.8. Let X be a paracompact space and Y ⊆ X. Then l(clXY ) ≤
l(Y ) and k(clXY ) ≤ k(Y ).
Theorem 2.7, Corollary 2.6 and Lemma 1.4 yield
Corollary 2.9. Let X be a paracompact and τ be an infinite cardinal. Then
the properties K1−K10 are equivalent.
One can observe that the Corollary 2.9 follows from Proposition 2.2, Lemma
2.1 and Theorem 0.1, too.
Corollary 2.10. Let X be a space and τ be an uncountable not sequential
cardinal number. Then the following assertions are equivalent:
1. X is a paracompact space and k(X) ≤ τ .
2. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
lower semi-continuous selection φ : X → Y of θ such that w(φ(X)) < τ .
3. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
single-valued selection g : X → Y such that w(g(X)) < τ .
4. X is a paracompact space and for every lower semi-continuous mapping
θ : X → Y into a discrete space Y there exists a single-valued selection g : X →
Y such that | g(X) |< τ .
5. For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metrizable space Y there exist a compact-valued lower semi-continuous
mapping ϕ : X → Y and a compact-valued upper semi-continuous mapping
ψ : X → Y such that w(ψ(X)) < τ and ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ X.
6 For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metrizable space Y there exists an upper semi-continuous selection
φ : X → Y of θ such that w(φ(X)) < τ .
Example 2.11. Let τ be an uncountable limit cardinal number and m =
cf(τ). Fix a well ordered set A and a family of regular cardinal numbers {τα :
α ∈ A} such that sup{τα : α ∈ A} = τ and τα < τβ < τ for all α, β ∈ A and
α < β. For every α ∈ A fix a zero-dimensional complete metric space Xα such
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that w(Xα) = τα. Let X
′ be the discrete sum of the spaces {Xα : α ∈ A}.
Then X ′ is a complete metrizable space and w(X ′) = τ . Thus l(X ′) = τ and
k(X ′) = τ+. Fix a point b 6∈ X ′. Put X = {b}∪X ′ with the topology generated
by the open bases {U ⊆ X ′ : U is open in X ′}
⋃
{X \
⋃
{Xβ : β ≤ α} : α ∈ A}.
Then X is a zero-dimensional paracompact space and χ(X) = χ(b,X) = cf(τ).
If cf(τ) = ℵ0, then X is a complete metrizable space. If Y ⊆ X ′ is a closed
subspace of X , then there exists α ∈ A such that Y ⊆ ∪{Xβ : β < α}, w(Y ) <
τα and k(Y ) < τ. Therefore k(X) = τ .
Let Z = X × [0, 1]. Then k(Z) = τ and k(Z, τ) = {b} × [0, 1].
Suppose that τ is not a sequential cardinal number, N is a discrete space
and S = X × N. Then k(S) = τ and k(S, τ) = {b} × N.
Moreover, if m = cf(τ) is uncountable, Xτ is a complete metrizable space,
w(Xτ ) < m and Zτ = X ×Xτ , then k(Zτ ) = τ and k(Zτ , τ) = {b} ×Xτ . 
3 On the geometry of paracompact spaces
Let Π be the class of all paracompact spaces.
For every infinite cardinal number τ we denote by Π(τ) the class {X ∈ Π :
k(cω(X)) ≤ τ}. We put Πl(τ) = {X ∈ Π : l(cω(X)) ≤ τ}.
It is obvious that Π(τ) ⊆ Πl(τ) ⊆ Π(τ+).
We consider that Π(n) = {X ∈ Π : dimX = 0} for any n ∈ {0} ∪ N.
Our aim is to prove that the classes Π(τ) may be characterized in terms of
selections. The main results of the section are the following two theorems.
Theorem 3.1. Let X be a space and τ be an uncountable non-sequential
cardinal number. Then the following assertions are equivalent:
1. X ∈ Π(τ), i.e. X is paracompact and k(cω(X)) ≤ τ .
2. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
lower semi-continuous selection φ : X → Y of θ such that w(φ(cω(X))) < τ .
3. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
single-valued selection g : X → Y such that w(g(cω(X))) < τ .
4. X is a paracompact space and for every lower semi-continuous mapping
θ : X → Y into a discrete space Y there exists a single-valued selection g : X →
Y such that | g(cω(X)) |< τ .
5. For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metrizable space Y there exist a compact-valued lower semi-continuous
mapping ϕ : X → Y and a compact-valued upper semi-continuous mapping
ψ : X → Y such that w(ψ(X)) < τ and ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ cω(X).
6. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exist a closed Gδ-set H of X and an upper
semi-continuous compact-valued selection ψ : X → Y such that:
i)cω(X) ⊆ H and w(ψ(H)) < τ ;
ii) ψ(x) is a one-point set of Y for every x ∈ X \H;
iii) clY ψ(H) = clY ψ(cω(X)).
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7. For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metric space Y there exists an upper semi-continuous compact-valued
selection ψ : X → Y such that k(ψ∞(x)) < τ for every x ∈ X.
8. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists an upper semi-continuous selection ψ : X → Y such that
| ψ∞(x) |< τ for every x ∈ X.
Theorem 3.2. Let X be a space and τ be an infinite cardinal number. Then
the following assertions are equivalent:
1. X ∈ Π(τ), i.e. X is paracompact and k(cω(X)) ≤ τ .
2. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
lower semi-continuous selection φ : X → Y of θ such that k(clY φ(cω(X))) ≤ τ .
3. X is a paracompact space and for every lower semi-continuous closed-
valued mapping θ : X → Y into a complete metrizable space Y there exists a
single-valued selection g : X → Y such that k(clY g(cω(X))) ≤ τ .
4. X is a paracompact space and for every lower semi-continuous mapping
θ : X → Y into a discrete space Y there exists a single-valued selection g : X →
Y such that | g(cω(X)) |< τ .
5. For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metrizable space Y there exist a compact-valued lower semi-continuous
mapping ϕ : X → Y and a compact-valued upper semi-continuous mapping
ψ : X → Y such that k(clY (ψ(cω(X))) ≤ k(ψ(cω(X))) ≤ τ and ϕ(x) ⊆ ψ(x) ⊆
θ(x) for any x ∈ cω(X).
6. For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exist a closed Gδ-set H of X and an upper
semi-continuous compact-valued selection ψ : X → Y such that:
i)cω(X) ⊆ H and k(ψ(H)) ≤ τ ;
ii) ψ(x) is a one-point set of Y for every x ∈ X \H;
iii) clY ψ(H) = clY ψ(cω(X)).
7. For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metric space Y there exists an upper semi-continuous compact-valued
selection ψ : X → Y such that k(ψn(x)) < τ for every x ∈ X and any n ∈ N.
8. For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists an upper semi-continuous selection ψ : X → Y such that
| ψn(x) |< τ for every x ∈ X and any n ∈ N.
Proof of the Theorems: Let X ∈ Π(τ) and θ : X → Y be a lower
semi-continuous closed-valued mapping into a complete metric space (Y, d). For
every subset L of Y and every n ∈ N we put O(L, n) = {y ∈ Y : d(y, L) =
inf{d(x, z) : z ∈ L} < 2−n}. Obviously, clY L = ∩{O(L, n) : n ∈ N and
clYO(L, n+ 1) ⊆ O(L, n) for any n ∈ N.
By virtue of the Michael’s Theorem 0.1, there exist a compact-valued lower
semi-continuous mapping ϕ : X → Y and a compact-valued upper semi-continuous
mapping ψ : X → Y such that ϕ(x) ⊆ ψ(x) ⊆ θ(x) for any x ∈ cω(X).
¿From Proposition 2.2 it follows that k(clY (ψ(cω(X))) ≤ k(ψ(cω(X))) ≤ τ
and k(clY (ϕ(cω(X))) ≤ k(clY (ψ(cω(X)))) ≤ τ . Moreover, if τ is a not sequen-
tial cardinal number, then w(ϕ(cω(X)) ≤ w(ψ(cω(X))) < τ.
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Therefore, the assertions 2, 3, 4 and 5 of Theorems follow from the assertion
1.
It will be affirmed that there exist a sequence {φn : X → Y : n ∈ N} of lower
semi-continuous compact-valued mappings, a sequence {ψn : X → Y : n ∈ N}
of upper semi-continuous compact-valued mappings, a sequense {Vn : nN} of
open subsets of Y and a sequense {Hn : nN} of open-and-closed subsets of X
such that:
1) ψn+1(x) ⊆ φn(x) ⊆ ψn(x) ⊆ θ(x) for every x ∈ X and every n ∈ N;
2) φn(x) = ψn(x) is a one-point subset of Y for every x ∈ X \Hn and for
every n ∈ N;
3)Hn+1 ⊆ {x ∈ X : ψn(x) ⊆ Vn, Hn+1 ⊆ Hn and Vn+1 = O(ψn(cω(X)) for
every n ∈ N;
Let V1 = O(θ(cω(X)) and U1 = θ
−1V1. From Lemma 0.2 it follows that
there exists an open-and-closed subset H1 of X such that cω(X) ⊆ H1 ⊆ U1.
Since dim(X \ H1) = 0 there exists a single-valued continuous mapping
h1 : X \ H1 → Y such that h1(x) ∈ θ(x) for every x ∈ X \ H1. Since H1
is a paracompat space, V1 is a complete metrizable space and θ1 : H1 → V1,
where θ1(x) = V1∩θ(x), is a lower semicontinuous closed-valued in V1 mapping,
by virtue of Theorem 0.1, there exist a compact-valued lower semi-continuous
mapping ϕ1 : H1 → V1 and a compact-valued upper semi-continuous mapping
λ1 : H1 → V1 such that ϕ1(x) ⊆ λ1(x) ⊆ θ1(x) for any x ∈ H1.
Put ψ1(x) = φ1(x) = h1(x) for x ∈ X\H1 and ψ1(x) = λ1(x), φ1(x) = ϕ1(x)
for x ∈ H1.
The objects φ1 and ψ1 are constructed.
Suppose that n > 1 and the objects φn−1,ψn−1, Hn−1 and Vn−1 had been
constructed.
We put Fn = clY ψn−1(cω(X)), Vn = O(Fn, n) and Un = {x ∈ Hn−1 :
ψn−1(x) ⊆ Vn}. From Lemma 0.2 it follows that there exists an open-and-
closed subset Hn of X such that cω(X) ⊆ Hn ⊆ Un.
Since dim(X \ Hn) = 0 there exists a single-valued continuous mapping
hn : X \ Hn → Y such that hn(x) ∈ φn−1(x) for every x ∈ X \ Hn. By
construction, we have φn−1 ⊆ ψ(x) ⊆ Vn for any x ∈ Hn. Since Hn is a
paracompat space, Vn is a complete metrizable space and θn : Hn → Vn, where
θn(x) = Vn ∩ φn−1(x), is a lower semicontinuous closed-valued in Vn mapping,
by virtue of Theorem 0.1, there exist a compact-valued lower semi-continuous
mapping ϕn : Hn → Vn and a compact-valued upper semi-continuous mapping
λn : Hn → Vn such that ϕn(x) ⊆ λn(x) ⊆ θn(x) for any x ∈ Hn.
Put ψn(x) = φn(x) = hn(x) for x ∈ X \ Hn and ψn(x) = λn(x), φn(x) =
ϕn(x) for x ∈ Hn. The objects φn and ψn are constructed.
Now we put λ(x) = ∩{ψn(x) : n ∈ N} for any x ∈ X and H = ∩{Hn : n ∈
N}.
Sinse λ−1(Φ) = ∩{ψ−1n (Φ) : n ∈ N} for any closed subset Φ of Y , the
mapping λ is compact-valued and upper semi-continuous. By construction,
i) cω(X) ⊆ H and k(λ(H)) ≤ τ ;
ii) λ(x) is a one-point set of Y for every x ∈ X \H ;
iii) clY λ(H) = clY λ(cω(X));
18
iv) λ(λ−1(A) ⊆ A ∪ λ(H) for every subset A of Y .
Therefore, the assertions 6, 7 and 8 of Theorems follow from the assertion 1.
(8 ⇒ 1) Let γ = {Uα : α ∈ A} be an open cover of X . On A introduce
the discrete topology and put θ(x) = {α ∈ A : x ∈ Uα} for x ∈ X . Since
θ−1(H) =
⋃
{Uα : α ∈ H} for every subset H of A, the mapping θ : X → A is
lower semi-continuous. Let ψ : X → A be an upper semi-continuous selection
of θ with | ψ2(x) |< τ for every x ∈ X . Then ξ = {Ψα = ψ−1(α) : α ∈
A} is a closed closure-preserving τ−-star shrinking of the cover ξ.By virtue of
Proposition 1.5, the assertion 1 follows from the assertion 8. 
Corollary 3.3. For a topological space X the following assertions are equiv-
alent:
1) X is paracompact and cω(X) is compact.
2) X is strongly paracompact and cω(X) is compact.
3) For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exist an upper semi-continuous compact-valued
selection ψ : X → Y and a closed Gδ-subset H of X such that cω(X) ⊆ H,
clY (ψ(H)) is compact and ψ(x) is a one-point set for every x ∈ X \H.
4) For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exists an upper semi-continuous selection ψ :
X → Y such that clY ψ∞(x) is compact for every x ∈ X.
5) For every lower semi-continuous mapping θ : X → Y into a discrete space
Y there exists an upper semi-continuous selection ψ : X → Y such that the set
ψ∞(x) is finite for every x ∈ X.
6) For every open cover of X there exists an open star-finite shrinking.
Proof: For the implication (1⇒ 2) see Proposition 4, [4].
For the implications (1⇔ 6) see Proposition 5, [4]. 
Corollary 3.4. For a space and an infinite cardinal number τ the following
assertions are equivalent:
1) X is paracompact and l(cω(X)) ≤ τ .
2) For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exist an upper semi-continuous compact-valued
selection ψ : X → Y and a closed Gδ-subset H of X such that cω(X) ⊆ H and
w(ψ(H)) ≤ τ ; ψ(x) is a one-point set for every x ∈ X \H.
3) For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metric space Y there exists an upper semi-continuous compact-valued
selection ψ : X → Y such that w(ψ∞(x)) ≤ τ for every x ∈ X.
4) For every lower semi-continuous mapping θ : X → Y into a discrete
space Y there exists an upper semi-continuous selection ψ : X → Y such that
| ψ∞(x) |≤ τ for every x ∈ X.
Corollary 3.5. For a topological space X the following assertions are equiv-
alent:
1) X is paracompact and cω(X) is Lindelo¨f.
2) X is strongly paracompact and cω(X) is Lindelo¨f.
3) For every lower semi-continuous closed-valued mapping θ : X → Y into
a complete metric space Y there exist an upper semi-continuous compact-valued
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selection ψ : X → Y and a closed Gδ-subset H of X such that cω(X) ⊆ H,
ψ(H) is separable and ψ(x) is a one-point set for every x ∈ X \H.
4) For every lower semi-continuous closed-valued mapping θ : X → Y into a
complete metric space Y there exists an upper semi-continuous compact-valued
selection ψ : X → Y such that ψ∞(x) is separable for every x ∈ X.
5) For every lower semi-continuous mapping θ : X → Y into a discrete space
Y there exists an upper semi-continuous selection ψ : X → Y such that the set
ψ∞(x) is countable for every x ∈ X.
6) For every open cover of X there exists an open star-countable shrinking.
Example 3.6. LetA be an uncountable set andXα be a non-empty compact
space for every α ∈ A. Let X =
⊕
{Xα : α ∈ A} be the discrete sum of the
space {Xα : α ∈ A}. Let B = {α ∈ A : dimXα 6= 0}. Then cω(X) is compact
if and only if the set B is finite. If the set B is infinite then l(cω(X)) =| B |
and k(cω(X)) =| B |+.
Example 3.7. Let τ be an uncountable non-sequential cardinal number.
Fix an infinite setAm for every cardinal numberm < τ assuming that Am∩An =
∅ for m 6= n. Put A =
⋃
{Am : m < τ}. Let {Xα : α ∈ A} be a family
of non-empty compact spaces assuming that Xα ∩ Xβ = ∅ for α 6= β. Put
Bm = {α ∈ Am : dimXα 6= 0} and 1 ≤| Bm |≤ m for every m < τ . Fix a point
b 6∈
⋃
{Xα : α ∈ A}. Let X = {b} ∪ (
⋃
{Xα : α ∈ A}). Suppose that Xα is an
open subset of X and {Hm = {b} ∪ (
⋃
{Xα : α ∈ An, n ≤ m}) : m < τ} is a
base of X at b. If Z = {b} ∪ (
⋃
{Xα : α ∈ Bm, m < τ}), then cω(X) ⊆ Z and
k(cω(X)) ≤ k(Z) = l(Z) = τ . 
Example 3.8. Let τ be a regular uncountable cardinal number, A be an
infinite set, τ <| A |, {Xα : α ∈ A} be a family of non-empty compact
spaces, Xα ∩ Xβ = ∅ for α 6= β, B = {α ∈ A : dimXα 6= 0}, τ =| B | and
b 6∈
⋃
{Xα : α ∈ A}. Let X = {b} ∪ (
⋃
{Xα : α ∈ A}). Suppose that Xα is
an open subset of X and {UH = X \
⋃
{Xα : α ∈ H} : H ⊆ A, | H |< τ}
is a base of X at b. If Z = {b} ∪ (
⋃
{Xα : α ∈ B}), then cω(X) ⊆ Z and
k(cω(X)) ≤ k(Z) = l(Z) = τ . 
Example 3.9. Let τ be a regular uncountable limit cardinal number and
2m < τ for anym < τ. Let {mα : α ∈ A} be a family of infinite cardinal numbers
such that |A| = τ , the set A is well ordered andmα < mβ, |{µ ∈ A : µ ≤ α}| < τ
provided α, β ∈ A and α < β. For any α ∈ A fix a discrete space of the
cardinality mα. Let X = Π{Xα : α ∈ A}. If x = (xα : α ∈ A) ∈ X and β ∈ A,
then O(β, x) = {y = (yα : α ∈ A) ∈ X : yα = xα for any α ≤ β}. The family
{O(β, x) : β ∈ A, x ∈ X} form the open base of the space X . The space X is
paracompact and w(X) = l(X) = τ . It is obvious that c(X, τ) = X , we have
k(X) = τ+. If α ∈ A, then γα = {O(α, x) : x ∈ X} is open discrete cover of X
and |γα| = 2mα < τ . 
4 On the class Π(0) of spaces
In the present section the class of all paracompact spacesX such that dimX = 0
is studied.
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Definition 4.1 A set-valued mapping ψ : X −→ Y is called virtual single-
valued if ψ∞(x) = ψ(x) for every x ∈ X .
Remark 4.2 It is obvious that for a set-valued mapping θ : X −→ Y the
following conditions are equivalent:
1. ψ is a virtual single-valued mapping;
2. ψ2(x) = ψ(x) for every x ∈ X ;
3. ψn(x) = ψ(x) for every x ∈ X and some n ≥ 2;
4. ψ(x) = ψ(y) provided x, y ∈ X and ψ(x) ∩ ψ(y) 6= ∅.
5. ψ−1(y) = ψ−1(z) provided y, z ∈ Y and ψ−1(y) ∩ ψ−1(z) 6= ∅.
Note that, if f : X −→ Y is a single-valued mapping onto a space Y , then
f−1 and f are virtual single-valued mappings.
Denote with D = {0, 1} the two-point discrete space.
Theorem 4.3 For a space X, the following assertions are equivalent:
1. X is normal and dimX = 0;
2. For every lower semi-continuous mapping θ : X −→ D there exists a
virtual single-valued lower semi-continuous selection;
3. For every lower semi-continuous mapping θ : X −→ D there exists a
virtual single-valued upper semi-continuous selection;
4. For every lower semi-continuous mapping θ : X −→ D there exists a
single-valued continuous selection.
Proof: Implications (1 ⇔ 4) is a well known fact. Implications (4 ⇒ 2)
and (4 ⇒ 3) are obvious as every single-valued continuous selection is virtual
single-valued.
(2 ⇒ 1) and (3 ⇒ 1) Let F1 and F2 be two disjoint closed subsets of X .
Put θ(x) = {0} for x ∈ F1, θ(x) = {1} for x ∈ F2 and θ(x) = {0, 1} for
x ∈ X \ (F1 ∪F2). The mapping θ : X −→ D is lower semi-continuous. Suppose
that λ : X −→ D is a virtual single-valued selection of θ. Put H1 = λ−1(0) and
H2 = λ
−1(2). Then F1 ⊆ H1 and F2 ⊆ H2., X = H1 ∪ H2 and H1 ∩ H2 = ∅.
If λ is lower semi-continuous (or upper semi-continuous)) the sets H1, H2 are
open (closed). 
Let τ be an infinite cardinal number. A topological space X is called τ-
paracompact if X is normal and every open cover of X of the cardinality ≤ τ
has a locally finite open refinement.
Theorem 4.4 For a space X and an infinite cardinal number τ the following
assertions are equivalent:
1. X is a τ-paracompact space and dimX = 0.
2.For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y of the weight ≤ τ there exists a virtual single-valued lower
semi-continuous selection;
3. For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y of the weight ≤ τ there exists a virtual single-valued upper
semi-continuous selection;
4. For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y of the weight ≤ τ there exists a single-valued continuous
selection;
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5. For every lower semi-continuous mapping θ : X −→ Y into a discrete
space Y of the cardinality ≤ τ there exists a single-valued continuous selection.
Proof: Let γ = {Uα : α ∈ A} be an open cover ofX and |A| ≤ τ . Consider
that A is a wellordered discrete space and θ(x) = {α ∈ A : x ∈ Uα} for any
x ∈ X. Then θ is a lower semi-continuous mapping. Suppose that ψ : X → Y is
a a virtual single-valued lower or upper semi-continuous selection of θ. For any
x ∈ X we denote by f(x) the first element of the set ψ(x). Then f : X → Y
is a single-valued continuous selection of the mappings θ and ψ. Therefore
Hα = f
−1(α) : α ∈ A} is a discrete refinement of γ. The implications (2 ⇒ 1),
(2 ⇒ 4), (3 ⇒ 1), (3 ⇒ 4) and (5 ⇒ 1) are proved. The implications (4 ⇒ 5),
(4⇒ 2) and (4⇒ 3) are obvious. The implication (1⇒ 4) is wellknown (see [1,
2]). 
Corollary 4.5 For a space X the following assertions are equivalent:
1. X is a paracompact space and dimX = 0.
2. For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y there exists a virtual single-valued lower semi-continuous
selection;
3. For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y there exists a virtual single-valued upper semi-continuous
selection;
4. For every lower semi-continuous mapping θ : X −→ Y into a complete
metrizable space Y there exists a single-valued continuous selection;
5. For every lower semi-continuous mapping θ : X −→ Y into a discrete
space Y there exists a single-valued continuous selection.
Remark 4.6 Let Y be a topological space. Then:
1. If the space Y is discrete, then every lower semi-continuous virtual single-
valued mapping or every upper semi-continuous virtual single-valued mapping
θ : X −→ Y into the space Y is continuous.
1. If the space Y is not discrete, then there exist a paracompact space X and
a virtual single-valued mapping θ : X −→ Y such that;
- θ is upper semi-continuous and not continuous;
- X has a unique not isolated point.
3. If Y has an open non-discrete subspace U and |U | ≤ |Y \ U |, then there
exist a paracompact space X and a virtual single-valued mapping θ : X −→ Y
such that;
- θ is lower semi-continuous and not continuous;
- X has a unique not isolated point.
Remark 4.7 Let γ = {Hy : y ∈ Y } be a cover of a space X, Y be a discrete
space and θγ(x) = {y ∈ Y : x ∈ Hy}. Then:
- the mapping θγ is lower semi-continuous if and only if γ is an open cover;
- the mapping θγ is upper semi-continuous if and only if γ is a closed and
conservative cover;
- the mapping ϕ : X → Y is a selection of the mapping θγ if and only if
{V y = ϕ−1(y) : y ∈ Y } is a shrinking of γ.
Therefore, the study of the problem of the selections for the mappings into
discrete spaces is an essencial case of the this problem.
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